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Abstract. The previously fastest algorithms for computing the R* con-
sensus tree of two given (rooted) phylogenetic trees 71 and 7> with a
leaf label set of cardinality n run in ©(n®) time [3I8]. In this manuscript,
we describe a new O(n?log n)-time algorithm to solve the problem. This
is a significant improvement because the R* consensus tree is defined in
terms of a set Riqe; which may contain £2(n?) elements, so any direct
approach which explicitly constructs Rimq; requires 2(n?) time.

1 Introduction

Phylogenetic trees are leaf-labeled trees which are commonly used to describe
the evolutionary history of a set of objects such as biological species or lan-
guages [BUGIT0]. Typically, in a phylogenetic tree, each leaf represents one of the
objects being studied and the branching structure of the tree indicates the as-
sumed evolutionary relationships among the objects. A consensus tree is a single
phylogenetic tree which summarizes the branching information contained in an
input collection of phylogenetic trees with identical leaf label sets. Consensus
trees are useful when different data sets or different tree inference methods have
produced a set of trees with the same leaf label set and slightly conflicting struc-
tures, yet a single tree is required to represent all of them [5]. Also, by exclusion,
a consensus tree indicates areas of conflict in the input trees [2]. Furthermore,
consensus trees are sometimes used as a basis for new phylogenetic inferences [2].

Many types of consensus trees have been defined and studied in detail. For a
survey, see, e.g., [2]. Different types of consensus trees use different criteria to
resolve conflicts among the input trees, so their mathematical properties vary.
Therefore, the most suitable type of consensus tree to use in practice depends on
the particular application. In this paper, we consider the so-called R* consensus
tree. One advantage of the R* consensus tree is that it provides a statistically
consistent estimator of the species tree topology when combining a set of gene
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trees, as recently demonstrated by Degnan et al. [4]; moreover, R* consensus
outperformed other methods such as majority-rule consensus in the study con-
ducted by [4]. For the case of two input trees, it is known that the R* consensus
tree is equivalent to the RV-III tree introduced in [§].

The R* consensus tree is defined formally in Section 2 below. In short, given a
set of input trees on a leaf label set L, if the rooted triplet zy|z for any {z,y, 2} C
L is consistent with more input trees than each of the two rooted triplets zz|y
and yz|x is, then zy|z belongs to a set named Rynq;. The R* consensus tree is
the tree 7 having the largest possible number of internal nodes such that every
rooted triplet consistent with 7 belongs to Rpq;-

The goal of this paper is to develop a fast algorithm for constructing the
R* consensus tree for two input trees 77 and T with a leaf label set L of
cardinality n. The previous algorithms for this problem require ©(n?) time [3I8].
Our main result is to reduce the time complexity to subcubic. When T} and T5
have similar branching structures, |R.,q;| = £2(n3). Hence, in order to obtain a
fast algorithm, we have to avoid explicitly constructing the set Ry,q;. For this
purpose, we use an alternative formulation based on distances from leaves to
lowest common ancestors of pairs of leaves to compute the Apresjan clusters of
a function sg,, . associated to Ryqj. Then, we find the strong clusters of R4
which are subsequently used to build the R* consensus tree. The running time
of our new algorithm R* consensus tree (described in Section () is O(n? logn).

2 Preliminaries

2.1 Basic Definitions

A phylogenetic tree is a rooted, unordered, distinctly leaf-labeled tree in which
every internal node has at least two children. From here on, “tree” means “phy-
logenetic tree”, and every leaf in a tree is identified with its label.

We shall use the following terminology and notation. For any tree T" and any
internal node u of T', the subtree of T rooted at u is denoted by T[u]. The set
of all leaves in a tree T is written as A(T). For any two nodes u and v in a
tree T, the lowest common ancestor of u and v in T is denoted by lea® (u,v). A
triplet is a tree with exactly three leaves. Any non-binary tree with exactly three
leaves {x,y, z} is called a fan triplet and is written as z|y|z. On the other hand,
any binary tree with exactly three leaves {x,y, z} is called a rooted triplet, and is
denoted by xy|z if the lowest common ancestor of = and y is a proper descendant
of the lowest common ancestor of x and z. Note that there are precisely four
different triplets for any set of three leaf labels {z,y, z}, namely z|y|z, zy|z,
zz|y, and yz|z (see Fig. ).

For any tree T and {z,y,z} C A(T), the fan triplet z|y|z is said to be
consistent with T if lca™ (x,y) = lca™ (x,z) = lca” (y, z). Similarly, the rooted
triplet zy|z is consistent with T if lca™ (x, %) is a proper descendant of lca” (z, z)
= lcaT (y,2). Let T||{z,y,~} denote the unique fan triplet or rooted triplet with
leaf label set {z,y,z} which is consistent with 7. Finally, for any tree T, let
r(T) be the set of all rooted triplets which are consistent with T, i.e., define
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Fig. 1. The four different triplets z|y|z, zy|z, zz|y, and yz|z leaf-labeled by {z,y, z}

r(T) = {T|l{a,y.2y : {7, y,2} € A(T) and T||{4,y,-} is not a fan triplet}, and
define ¢(T) as the set of all triplets (rooted triplets as well as fan triplets)
consistent with T, i.e., t(T) = {T||{zy.2} : {2,y,2} € A(T)}. It follows that
[t(T)] = O(JA(T)|?) for any tree T, and |r(T)| = O(|A(T)|?) when T is a binary
tree because |r(T)| = [¢(T")| in this case.

2.2 Strong Clusters and Apresjan Clusters

Below, let R be a given set of triplets over a leaf label set L = |J, . A(r) such
that for each {z,y,2z} C L, at most one of x|y|z, zy|z, zz|y, and yz|z belongs
to R. A cluster of L is any subset of L. We define two special types of clusters:

o A cluster A of L is called a strong cluster of R if ad’|z € R for all a,a’ € A
and x € L\ A. Furthermore, L as well as every singleton set of L is also
defined to be a strong cluster of R.

e For each a,b € L, define sg(a,b) = |[{ably : ably € R}|. A cluster A of L is
called an Apresjan cluster of sg if sg(a,a’) > sg(a,x) for all a,a’ € A and
xeL\ A

Write n = |L|. By Theorem 2.3 and Corollary 2.1 of [3], the following holds:
Lemma 1. (Bryant and Berry [3].)

1. There are O(n) Apresjan clusters of sg.
2. Given the values of sg(a,b) for all a,b € L, the Apresjan clusters of sg can
be computed in O(n?) time.

There is a relationship between the strong clusters of R and the Apresjan clusters
of sp:

Lemma 2. Every strong cluster of R is an Apresjan cluster of sg.

Proof. Let C be a strong cluster of R. Consider any fixed a,a’ € C and x € L\C.
For every y € L\ C, we have aa’|y € R by the definition of a strong cluster, which
gives sg(a,a’) = |{ad'|y : ad’ly € R}| > |L\ C]. In the same way, ablz € R holds
for every b € C, which (along with the requirement that for each {z,y,2} C L,
at most one of x|y|z, xy|z, zz|y, and yz|x belongs to R) implies that az|b € R.
Thus, sg(a,z) = [{azly : axly € R} < |[(L\ C)\ {z}| < |L\ C|. We have just
shown that sz (a,a’) > sg(a,x), so C is an Apresjan cluster of sg. O
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2.3 R* Consensus Trees

Let T7 and T5 be two given trees with A(Ty) = A(T2) = L. For any {a,b,c} C L,
define #ab|c as the number of trees T; for which ablc € r(T;). The set of “majority
rooted triplets” R, is defined as {ab|c : a, b, c € L and #ab|c > #acl|b, #bcla}.
An R* consensus tree of Th and T» is a tree 7 with A(7) = L which satisfies
r(T) € Rma; and which maximizes the number of internal nodes.

The next two lemmas describe some useful properties of the strong clusters
of Rmaj .

Lemma 3. Let T be a tree with A(T) = L and 7(T) C Rynqj. For any node u
of T, A(T[u]) is a strong cluster of Ruma;-

Proof. Tf u is a leaf or the root of T' then A(T[u]) is trivially a strong cluster
of Rynqj. If w is an internal node then for any two a,a’ € A(T[u]) and any
x ¢ A(T[u]), the triplet aa’|x belongs to Rymqj, so A(T[u]) is a strong cluster
of Rmaj . O

Lemma 4. There exists a tree T such that the set {A(T[u]) : w is a node in 7}
equals the set of strong clusters of Ruma;-

Proof. First observe that for any two strong clusters A and B of R, either A C B,
B C A, or AN B = (). To prove this claim, suppose for the sake of contradiction
that there are x,y,2z € L such that x € A\ B, y € B\ A, and z € AN B. Since
A is a strong cluster, zz|y € R. Since B is a strong cluster, yz|xz € R. By the
definition of Rnqj, we cannot have both of zz|y and yz|z in Rpe;. The claim
follows. This implies that the strong clusters of Rq; form a hierarchy (laminar
family) on L.

Next, if A and B are strong clusters of R,.; with A C B then there must
exist some strong cluster C' of R,,q; such that C C B and C N A = (. (To see
this, take any ¢ € B\ A and recall that {c} is by definition a strong cluster
of Rmaj )

By these two observations, there exists a tree 7 leaf-labeled by L such that:
(1) each strong cluster A of R,,,; corresponds to a node in 7 whose set of
descendants is precisely A; (2) A C B, where A and B are strong clusters
of Rmaj, implies that the node corresponding to A is a proper descendant of
the node corresponding to B; and (3) every internal node of 7 has at least two
children. Hence, the lemma follows. a

Say that a tree T includes a cluster A of L if T contains a node u such that

A(T[u]) = A.

Theorem 1. The R* consensus tree of Ty and Ty exists and is unique. In par-
ticular, it includes every strong cluster of Ryaj and no other clusters of L.

Proof. By Lemma [l there exists a (unique) tree 7 that includes all the strong
clusters of R,,,; and does not include any other clusters. For any aa’|z € r(7),
there exists a node w in 7 such that a,a’ € A(7[u]) and x € A(7[u]), i.e.,a,a’ € A
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and = ¢ A for some strong cluster A of R4, which implies that aa’|x € Rya;-
Thus, r(7) C Rma;-

To prove the optimality of 7, suppose that there exists a tree 7/ which satisfies
r(7") € Roma; and has more internal nodes than 7. By Lemmal3] the set of leaves
in each rooted subtree of 7/ forms a strong cluster of R,,q;. Since 7/ has more
internal nodes than 7, it follows that 7/ includes some strong cluster of Romaj
which 7 does not include. This contradicts Lemmal[dl Hence, 7 is an R* consensus
tree of Ty and T5. O

3 Constructing the R* Consensus Tree

Based on the discussion in Sections and 23] we can construct the R* consen-
sus tree of two given trees 71 and Ty as follows: First compute sz, ,; and all the
Apresjan clusters of sz, . 1 Then, check each Apresjan cluster to see if it is a
strong cluster of R,q; (by Lemma [2] the set of strong clusters of R,,q; is a sub-
set of the set of Apresjan clusters of sz, ). Finally, build a tree which includes
all the strong clusters of R,,,; in accordance with Theorem [Il The algorithm is
named R* consensus tree and is outlined in Fig. [

Algorithm R* consensus tree
Input: Two trees T1,T> with A(T1) = A(T?).
Output: The R* consensus tree of T} and T%.

1: Define L = A(T1) = A(T2) and compute sr,,,,(a,b) for all a,b € L as described
in Section @l

: Compute the Apresjan clusters of sz,,,; -

: for each Apresjan cluster A of sz, ,, do

Determine if A is a strong cluster of Rpq; as described in Section

: end for

: Construct the R* consensus tree using all the strong clusters of Rma;.

D U W

Fig. 2. Algorithm R* consensus tree

We now analyze the time complexity of Algorithm R* consensus tree. In
Section @ below, we shall describe how to implement step 1 in O(n?logn) time.
Next, in step 2, the Apresjan clusters of sg,,,, can be computed by running
the algorithm of Bryant and Berry [3], which takes O(n?) time according to
Lemmal [T (see also Corollary 2.1 in [3]). There are O(n) Apresjan clusters in the
loop of step 3 by Lemma [l and each one is checked in O(n) time in step 4,
as detailed in Section [l below. Finally, the last step builds the R* consensus
tree from the strong clusters of Ry,q; in O(n?) time. In summary, we have the
following theorem.

! Recall from Section that for a set R of triplets over a leaf label set L, the
function sr is defined on each a,b € L by sr(a,b) = [{ably : ably € R}|.
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Theorem 2. Algorithm R* consensus tree constructs the R* consensus tree
of Ty and Ty in O(n?logn) time.

The following two sections are devoted to implementing steps 1 and 4 of Algo-
rithm R* consensus tree efficiently.

4 Computing sx,,,;(a,b) for all a,b € L
From the definition of R4, we have:

Lemma 5. For any a,b,c € L, ablc € Ryq;j if and only if either

1. ablc € t(Th) Nt(T3); or
2. ablc € t(T1) and alb|c € t(T3); or
3. alblc € t(Th) and ablc € t(Tr).

We introduce the following three auxiliary functions:

county(a,b) = |[{w € L\ {a,b} : ablw € t(T1) Nt(T2)}|

countz(a,b) = |[{w € L\ {a,b} : ablw € t(T1), alb|lw € t(T2)}|

counts(a,b) = |[{w € L\ {a,b} : alblw € t(T1), ablw € t(T)}|
Then, Lemma [l immediately gives sz, ..(a,b) = counti(a,b) + counts(a,b) +
countz(a,b) for any a,b € L.

To compute county, counts, and counts, we could preprocess T7 and T3 in
O(n) time so that lowest common ancestor queries in T} and T5 can be answered
in O(1) time [IJ7]. Then, for any given a,b € L, a brute-force solution would
easily obtain all of county(a,b), counts(a,b), and counts(a,b) in O(n) time by
checking T'||{q,p,w} and T3|[{q,p,w} for each w € L\ {a,b}. This approach would
therefore compute count;(a,b) for all a,b € L and all i = 1,2,3 in O(n?) time.
In the rest of this section, we show how to obtain count;(a,b) for all a,b € L
and i = 1,2, 3 more efficiently.

First, in Section Bl we reformulate the count;(a,b)-functions in terms of
distances from leaves to lowest common ancestors of leaves. All of these distances
may be computed in O(n?) time. Then, based on this alternative formulation, for
any fixed leaf label a € L, Section describes an O(nlogn)-time method for
computing counti(a, b) for all b € L\{a}, and Section 3 describes an O(n)-time
method for computing counts(a,b) for all b € L\ {a}. (By symmetry, we can
obtain counts(a,b) for all b € L\ {a} in O(n) time with the same technique as in
Section E3l) To summarize, after O(n?) time preprocessing, O(nlogn) time is
enough to compute county(a,b), countz(a,b), and counts(a,b) for all b € L\ {a}
for any fixed a € L. Therefore, we only need O(n?logn) time in total to obtain
SR oma; (@, b) for all a,b € L.

maj (
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T:

lea(ab)

eq1(b)

a

Fig. 3. Illustrating the definitions of dq,7(b) and eq,7(b)

4.1 Distances from Leaves to Lowest Common Ancestors

For any tree T and any a,b € A(T), let dq r(b) be the distance between a and
lea™ (a,b) in T, and let e, 7(b) be the child of Ica” (a, b) which is an ancestor of b.
(W.lo.g., define e, r(a) = 0.) See Fig. Bl for an example. Note that the values
of dq7(b) and e, (b) for all a,b € A(T) can be computed in O(n?) time by
a bottom-up traversal. The next lemma states the connection between d and e
and the triplets consistent with 7T'.

Lemma 6. For any tree T and any a,x,w € A(T), it holds that:

— Ifdor(x) < dor(w) then axlw € ¢(T).
— Ifdor(z) = dor(w) and eqr(x) # eqr(w) then alzjw € t(T).

Proof. 1f dy r(z) < dor(w), the lca® (a,w) is an ancestor of lca® (a,z). Thus,

azx|w € t(T).
If dor(2) = dor(w) then v = lca”(a,w) = leaT(a,z). Since e, r(v) #
ea.7(w), we know that lca” (z,w) = v. Hence, a|z|w € t(T). |

We remark that the first part of Lemma [0 is a special case of Theorem 1 in [9],
which was derived by Lee et al. [9] to solve a different problem known as the

mazimum agreement subtree problem.
Next, consider two trees 71 and T with A(Ty) = A(T2) = L. We have:

Lemma 7. For any a,b,w € L:

— county(a,b) = {w : do,1y (b) < do,1y (W) and dg,1, (b) < do 1, (w)}.

— counta(a,b) = {w : do,my (b) < do,1y (W), do1,(b) = do,1, (W), and eq,1,(b) #
€a,1 (W)}

— counts(a,b) = {w : do,1y (b) = do,1, (W), €q,1y (D) # €0, (W), and dg 1, (b) <
da, 1, (W)}
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Proof. By Lemma [ do 7, () < do1 (w) and dg1,(b) < do7,(w) mean that
ablw € t(T1) N t(T»). Hence, counti(a,b) = {w : dor (b) < dom (w) and
da,T2 (b) < da7T2 (w)}‘

By Lemma [0 again, dq 1, (b) < do1, (W), da1,(b) = do,1, (W), and eq 1, (b) #
€q,1, (w) mean that ablw € t(T1) and alblw € ¢(T2). Hence, counts(a,b) = [{w :
da,T1 (b) < da,Tl (’U)), da,T2 (b) = da,T2 (U)), and €a,T, (b) 7& €a,T, (U))}|

The formula for counts(a,b) follows by symmetry. O

4.2 Computing count,(a,b) for All b € L\ {a}

This section describes how to compute counts (a,b) for allb € L\{a} in O(nlogn)
time for any fixed a € L, assuming the values of dg 1, (b), dq,1,(b) for all b €
L\ {a} have been precomputed.

By applying a stable sorting, all elements in L\ {a} can be ordered using O(n)
time so that x is before y if either: (1) do1 (z) < dom, (y); or (2) do (x) =
dor, (y) and dg.1,(z) < do,1,(y). Suppose the resulting ordering of L \ {a} is
T(1), Z(2)s- - -, T(n_1). FOr any x(;y, let i’ be the smallest integer which is larger
than ¢ such that do, 1, (2(;7)) # da,1, (7(;)). Then, count; obeys the following:

Lemma 8. For any i € {1,2,...,n — 1}, counti(a,x(;)) equals the number of
elements in {da,1,(x(;)) : j >4’} which are strictly larger than da 1, (2(;)).

Proof. From Lemma [ counti(a,z;)) = {z¢y : daq (24)) < da1(2(5)) and
da,1,(%(5)) < da,1,(2(5))}|- By the definition of i’, count (a, z(;)) = [{z@) : j > 7
and dq, 1, (2(5)) < da,1,(2(5))}|- The lemma follows. O

We compute counti(a, x(;)) for all i in decreasing order from n—1 to 1 iteratively,
as illustrated in Algorithm Compute count; in Fig.dl We maintain the invariant

Algorithm Compute count;
Input: a € L.
Output: The values of counti(a,b) for all b € L\ {a}.

1: Perform a stable sorting to rank the elements of L \ {a} according to da,7
and da,1,, and obtain the ordering z (1), z(2), ..., T(n-1).
Let D be an empty binary search tree.
Let ' =n and define do, 1y (%(n)) = da, 1, (2(n)) = 0.
for i =n — 1 downto 1 do
if da, Ty (:E(i)) < da,T, (x(,qu)) then
Insert da, 7, (x(j)) into D for j =4+ 1,...,¢ — 1.
Let i =i+ 1.
end if
Set counti(a, x(;)) to the number of elements in D which are strictly greater
than da7T2 (LE(Z))
: end for

—
o

Fig. 4. Algorithm Compute count:
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that in every iteration ¢, the value ¢’ equals the smallest integer larger than 7 such
that do, 1, (7(;7)) # da,1, (2(3)), and keep a binary search tree D for {d, 1, (z(j))
j >} so that by Lemma[] counti(a, ;) equals the number of elements in D
strictly greater than dq 1, ((;)). Each operation on a binary search tree takes
O(logn) time, so in total, Compute count; runs in O(nlogn) time.

4.3 Computing countz(a,b) for All b € L\ {a}

Here, we show how to compute counts(a,b) (and by symmetry, counts(a,b)) for
all b€ L\ {a} in O(n) time for any fixed a € L. We assume that the values of
da,r, (D), do,1,(b), €a,1, (D), €q,1,(b) for all b€ L\ {a} have been precomputed.
The algorithm is named Compute counts and is listed in Fig. Bl Tt first par-
titions L \ {a} into disjoint subsets C1,Cs,...,C, in such a way that for every
pair of elements z,y in the same Cj, it holds that d, 1, () = da,1,(y). Then,
the algorithm further partitions each C; into Cj1, ..., Ci, so that for every pair
of elements x,y in the same Cjj, it holds that e, 7, (z) = e, 1, (y). Finally, the
algorithm obtains countz(a, z) for all z € L\{a} in O(n) time based on Lemma[dl

Lemma 9. Let b € L\ {a} and suppose b € C;j. Then, counts(a,b) = [{w €
Ci : dam (W) >dar, (D)} = {w € Cij : da,1y (w) > da,1, (D)}

Proof. By Lemma [0 counts(a,b) = {w : don,(b) < dom (W), dayr,(b) =
do,1, (W), and eq 1, (b) # eq1,(w)}|. Since b € Cj;, we have: (1) w € C; means
do1,(b) = do1(w); and (2) w e C;; means e, 1,(b) = eq 1, (w). Therefore,
counts(a,b) = {w : do,1, (b) < do, 1, (w ) w e Cy, and w & Cjj }. |

5 Determining If a Cluster Is a Strong Cluster

This section shows how to check whether a given cluster A of L is a strong cluster
of Rymqj in O(n) time. Our solution depends on the following lemma.

Lemma 10. Let u; and ug be the lowest common ancestor of A in Ty and T3,
respectively. A is a strong cluster of Rymqj if and only if:

(1) Fori = 1,2, each subtree B attached to w; in T; satisfies either A(B) C A
or A(B) C L\ A; and
(2) X1 N Xy =0, where X; = (L\ A) N A(T;|u;]).

Proof. (=) Let A be a strong cluster of Rq;. We need to prove that both
conditions (1) and (2) hold.

For the sake of obtaining a contradiction, suppose that for some i € {1,2},
there exist a € A, x € L\ A where both a and z are in the same subtree attached
to u;. Then, lca”i(a,z) is a proper descendant of u;. The node u; is defined as
the lowest common ancestor of the leaves in A, so lca’i(a,a’) = u; for some
a’ € A. However, then lca®i(a,x) is a proper descendant of lca’(a,a’), giving
azx|a’ € t(T;). This implies that aa’|z cannot belong to Ryq;, which contradicts
the fact that A is a strong cluster of R,,q;. Thus, condition (1) must hold.
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Algorithm Compute counts
Input: a € L.
Output: The values of countz(a,b) for all b€ L\ {a}.

1: Partition L\ {a} into Ci,...,C)p so that for every pair of elements x,y in the
same Cj, it holds that da, 1, () = da,1, (v).

2: for every C; do

3:  Perform a stable sorting to rank the elements of C; and obtain the ordering

bi,..., b|C’i| such that da,T1 (b1) < da,Tg (bz) <...< da,T2 (b|C’i\)-

4 { Note that s;(b) = {w € C; : do,1, (W) > da,1, (b)}]- }

5: Si(bl) = 0.

6: for j=2,3,...,|C;| do

7: if da7T1 (bJ) > da,Tl (bj_l) then

8 Si(bj) = Si(bj_l) + 1.

9: else

10: Si(bj) = Si(bj_l).

11: end if

12:  end for

13:  Partition C; into Cj1, ..., Ciy so that for every pair of elements z,y in the

same Cjj, it holds that eq 1, (z) = €a,1, (y).
14: for every C;; do
15: Perform a stable sorting to rank the elements of C;; and obtain the or-
dering b1, ..., b|cij| such that da,Tl (bl) < da,T2 (bz) <...< da,Tg (b‘ci_j‘)'

16: { Note that Sij(b) B \{w S Cz'j : da7T1 (w) > da7T1 (b)}‘}
17: Sij(b1) =0.

18: for k=2,3,...,|Cy| do

19: if dao, 7, (bk) > da, 7, (bi—1) then

20: Sw(bk) = Sij(bk_l) + 1.

21: else

22: 855 (br) = 845 (bp—1).

23: end if

24: end for

25: for every b € C;; do

26: Let countz(a,b) equal s;(b) — s4;(b).
27: end for

28: end for

29: end for

Fig. 5. Algorithm Compute counts

Next, we prove by contradiction that condition (2) must hold. If X; N Xy # 0,
where X; = (L \ A) N A(T}[u;]), is true then there exists an € X3 N Xo. We
claim that there exist a,a’ € A with lca™(a,a’) = u1 and lca™®(a,a’) = uo. This
yields zlala’ € t(T1) and z|a|la’ € t(T) because the subtree attached to w; for
i = 1,2 which contains x cannot contain a or a’ by condition (1) above. Thus,
ad'|x & Rumaj, contradicting the fact that A is a strong cluster of Rq;.

It remains to prove the claim that there exist a,a’ € A such that lca'(a,a’) =
uy and lca™(a,a’) = uy. Assume on the contrary that for each pair a,a’ € A,
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Algorithm Check if strong cluster

Input: A cluster A of L.
Output: “Yes”, if A is a strong cluster of R,q;; “no”, otherwise.

1: Let u1 and uz be the lowest common ancestor of A in T; and T5, respectively.

2: for i =1,2 do

3:  if there exists a subtree in T; attached to u; containing leaves from A as well
as from L\ A then

4 return “no”

5 end if

6: end for

7: Let X; = (L\ A) N A(T;[us]) for i = 1, 2.

8: if X1 ﬂXQ = Q) then

9:  return “yes”
10: else

11: return “no”
12: end if

Fig. 6. Algorithm Check if strong cluster

there exists an i € {1,2} such that lca’i(a,a’) is a proper descendant of u;. Note
that A is located in at least two subtrees attached to u; for i = 1,2. For every
pair of subtrees attached to u; that contain elements from A, suppose the sets of
leaves in the two subtrees are A' and A2. To ensure that lca’®(z,y) is a proper
descendant of uy for every 2 € A' and y € A%, we need A' U A? to appear in
one subtree attached to us. By this argument, all elements of A appear in one
subtree attached to us. Then, us cannot be the lowest common ancestor of A
in T5, and we arrive at a contradiction.

(<) Suppose A satisfies the two conditions stated in the lemma. We need to
prove that for every =,y € A and z € L\ A, it holds that zy|z € Ry.q;. Note
that z belongs to either X, Xo, or ((L\ A)\ X1) \ X2, which gives three cases:

— If 2 € ((L\ A)\ X1)\ Xa2: Then lca®i(x, z) is a proper ancestor of lcaTi (z,y)
for ¢ = 1,2. Thus, 2y|z € Rumaj-

— If 2 € X1: Then zy|z € t(T2) and there are two cases depending on whether
or not lca™ (x,y) is a proper descendant of uy. If yes, then xy|z € t(T1),
and thus zy|z € Rynq;j. If no, then lea™ (z,y) = uy, and thus z|y|z € ¢(T1),
which also yields zy|z € Rua;-

— If z € X5: Then it follows that zy|z € Rpe; in the same way as for the case
z € X, above. O

We can use Lemma [I0] to check if a given cluster A of L is a strong cluster of
Rmaj in O(n) time, as shown in Algorithm Check if strong cluster in Fig. [6l

6 Concluding Remarks

In this paper, we have described how to compute the R* consensus tree of two
input trees in O(n?logn) time. The definition of the set of majority rooted
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triplets Rpq; as well as the definition of an R* consensus tree can be natu-
rally extended to the case of k& > 2 input trees; see [2]. The currently fastest
algorithm for the case k > 2 runs in O(kn?) time and is outlined in [2]. It can
be implemented by explicitly constructing the sets r(7T;) for every input tree T;
using O(kn?) total time, then obtaining Ryq; in O(kn®) time by finding the
most frequently occurring rooted triplet (if it exists) for each {z,y, 2z} in the
leaf label set in O(k) time, and finally applying the O(n?)-time strong clustering
algorithm from Corollary 2.2 in [3] to Ryqe;. An open problem is to reduce the
time complexity to o(kn?). It seems difficult to extend the approach used in this
paper because it would yield an exponential number (in k) of cases in Lemma
and thus express sz,,,;(a,b) as the sum of an exponential number of auxiliary
count-functions, causing the total running time to be exponential in k.
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